This investigation deals with the analysis of stagnation point heat transfer and corresponding flow features of hydromagnetic viscous incompressible fluid over a vertical shrinking sheet. The considered sheet is assumed to be permeable and subject to addition of stagnation point to control the generated vorticity in the boundary layer. The sheet is placed on the right side of the fluid saturated porous medium which is having permeability of specified form. Nonlinear convection waves in the flow field are realized due to the envisaged nonlinear relation between density and temperature. The equations governing the nonlinear convection boundary layer flow are modeled and simplified using similarity transformations. The economized equations are solved for numerical solutions by employing the implicit finite difference scheme also known as Keller-box method. The influence of the associated parameters of the problem on velocity and temperature distributions, skin friction and rate of heat transfer are presented through graphs and tables, and qualitatively discussed. The study reveals that interaction among magnetic field, porous medium permeability and nonlinear convection parameters substantially enhance the solution range and thus endorse their control to sustain the boundary layer flow.
Introduction
The analysis of stagnation point heat transfer and flow of hydromagnetic fluids over permeable shrinking surfaces ingrained in porous medium finds profuse pertinence in engineering and manufacturing gimmick such as purification of crude oil, glass manufacturing, paper production, polymer sheets, MHD electrical power generation, magnetic material processing, shrinking film etc. (Mahapatra et al. [1] ). The Stagnation point flow is known as a classical problem in fluid mechanics, as stagnation points exist virtually on all the solid objects submerged in the fluids or when flow infringes on a solid body. The stagnation point experiences maximum pressure, and heat and mass transfer. The extension of the pioneering work of Hiemenz [2] to stagnation point flow over moving or stretching/shrinking surfaces has attracted the diligence of many investigators. In the above mentioned flows, the flows due to the shrinking of sheet is a new type of flow with a common example of rising shrinking balloon. These flows are differnt from those over stretching sheet problems in the sense that the fluid is attracted towards a slot whereas a far field suction would be induced towards a stretching sheet (Miklavčič and Wang [3] ). The study of the stagnation flow problems towards a shrinking sheet began with the work of Wang [4] . He concluded that larger shrinking rate do not confirm solutions and multiple solutions may be obtained for the two dimensional case. He further remarked that the flow structure is complicated by the non-alignment of the stagnation flow and shrinking sheet. Goldstein [5] in his paper remarked that a shrinking flow is essentially a backward type flow. The physics behind this phenomenon is Email address: rakesh@cuhimachal.ac.in (Shilpa Sood) that the vorticity generated at the surface of the shrinking sheet does not remain confined with in the boundary layer which in turn induces a reverse flow. Later, Mahapatra and Nandy [6] in their stability analysis analyzed that similarity solution will exist if a suitable suction is imposed or a stagnation point is added on the shrinking sheet. In our present analysis, we have also considered both suction and stagnation point to derive the invariant solutions. Ishak et al. [7] has investigated the stagnation point flow over a shrinking sheet in a micropolar fluid and Fan et al. [8] analyzed the effect of unsteadiness on the stagnation point flow over a shrinking surface. Later on, Bhattacharyya et al. [9] examined the slip effects on the stagnation point flow and the related heat transfer over a shrinking surface; and Rosca and Pop [10] considered the second order slip for the stagnation flow over a vertical permeable shrinking surface. The similarity transformations in exponential form have been utilized by Bhattacharyya and Vajravelu [? ] to obtain the numerical solutions for the stagnation point flow and heat transfer over an exponentially shrinking sheet and Bachok et al. [12] extended it for nanofluids. Some contributions on the study of stagnation-point flow over shrinking surfaces for various physical situations and different fluids appeared in literature. Some of them can be found in Yian et al. [13] , Bachok et al. [14] , Nadeem et al. [15] , Bhattacharyya [16] , Gorder et al. [17] , Mansur et al. [18] and Ishak et al. [19] .
In the above mentioned papers, either free/forced convection or mixed convection effects were considered to discuss the flow and heat transfer characteristics. But, when the temperature difference between the surface and ambient fluid is substantially large, the nonlinear density temperature (NDT) variations in the buoyancy force term cannot be ignored as the distribution of flow and heat transfer is significantly affected by it (Vajravelu and Sastri [20] ). In their study, they suggested that we can consider the variation of density with respect to temperature as
where T s speaks for surface temperature. If we retain the terms upto second order, the above equation can be written as
which may be called as the NDT variation. The above relation also accommodates the linear temperature dependence and is also apropos to the analysis of the flow of water at 4 o C. Mekker et. al. [21] analyzed maximum density effects on the onset of convection in a horizontal layer of water. Due to the significance of NDT in larger temperature differences, we shall be having a parameter γ =
in our analysis and would be called as nonlinear convection parameter. In this sequence, one paper of Bhargava and Agarwal [22] for the study of fully developed free convection flow with nonlinear density temperature variations in a circular pipe appeared in literature. Later on, the effect of nonlinear convection on the flow over a flat permeable plate was investigated by Vajravelu et al. [23] .
Inspired by the significance of nonlinear convection in larger temperature differences and work of Vajravelu et al. [23] , we have set the target to achieve the numerical solutions of the boundary layer stagnation point flow and heat transfer over a permeable shrinking sheet lying on the right side of the porous medium of uniform porosities. To the best of our knowledge, no other authors have considered the influence of nonlinear convection on the flow and heat transfer characteristics interconnected with the stagnation point over a vertical permeable sheet ingrained in porous medium. Hence, our results are new and genuine.
Analysis of the problem
Consider the steady two-dimensional flow of an electrically conducting viscous incompressible fluid near the stagnation point over a vertical permeable sheet which is shrinking in its own plane.
The sheet is assumed to be on the right side of the porous medium of uniform porosities. The extended Darcy model has been exploited to represent porous medium. Here, x-axis is measured along the sheet and y axis is taken normal to it. The origin of coordinate system and stagnation point is chosen as a common fixed point that remains unaltered by the shrinking forces which are acting from opposite directions towards the origin. A magnetic field of uniform strength B 0 is applied normal to the palne of considered shrinking surface. The magnetic Reynolds number is reckoned to be small to ignore the induced magnetic field. We have also presumed that the external flow obtrudes on the shrinking surface with the velocity U e (x) = ax, where a > 0 is the stagnation flow tenacity, and the flat surface will constrict with the velocity velocity U w (x) = cx, where c < 0 represents shrinking of the sheet and c > 0 represents stretching. The temperature of the sheet is taken as T w (x) = T ∞ + bx, where
The governing boundary layer equations together with the above stated assumptions which govern the considered flow can be written as:
The boundary conditions relevant to the problem are:
The momentum equation (2) and equation of energy (3) in their self-similar form are reduced to the following nonlinear coupled ordinary differential equations:
The corresponding reduced boundary conditions are:
where
, S > 0 represents the suction of the fluid, and ε is the ratio of shrinking velocity rate to the straining velocity rate. In the above equations [(6) to (9)], the following similarity transformations have been exploited:
During this process, following non-dimensional parameters are eventuated:
(local Grashoff number), Re x = xU e ν ( local Reynolds number) and γ =
(nonlinear convection parameter). The quantities of engineering interest which are associated with this study are the skin friction coefficient C f and local Nusselt number Nu x , and are defined as follows:
are shear stress and heat flux at the sheet respectively. The converted skin friction coefficient and Nusselt number in terms of dimensionless velocity f (0) and dimensionless temperature −θ (0) can be respectively obtained as:
and
Solution methodology
The coupled nonlinear boundary value problem constituted by equations (6)- (7) and boundary conditions (8) and (9) are solved numerically by employing Keller-box method ( [24] ) as follows: Substituting f = u, u = v and θ = q in equations (6)- (7) and writing the obtained system of first order equations in finite difference form by utilizing central difference for derivatives and average at mid-point for variables, we obtain the following set of difference equations:
In the above system of equations j = 1, 2, 3...J − 1. The boundary conditions in finite difference form can be grouped as
The system of equations (13) to (17) are coupled first order nonlinear difference equations and are linearized using Newton's linearization scheme, that is, we assume
Now the obtained linearized set of equations can be written in matrix vector form as
where A will be a tridiagonal matrix whose entries are blocks of order 5 × 5.
The solution of equation (20) can be obtained using block-elimination method, which consist of forward and backward sweeps. The detailed description of the method has been avoided in order to preserve the space.
Results and discussion
In order to understand the influence of pertinent physical parameters of the problem on the distributions of velocity and temperature profiles, the numerical results are obtained through comprehensive and rigorous computations procedure involving symbolic language in MATLAB. The Table 1 -Comparison of the values of f (0) with γ = λ = M = K = S = 0 for ε < 0 relative tolerance error for convergence of results has been decided as 10 −5 , and iterative procedure is continued until the difference between the present and previous iterations does not become less than 10 −5 . The results so obtained are presented through graphs and tables which are subsequently discussed with qualitative approach. The accuracy of the numerical results has been validated through the comparison from earlier reported work in the literature and is being displayed through Table 1 , which supports and affirms the accuracy of applied numerical method. Motivated by the precision of numerical results, the present analysis is carried out to understand the influence of governing physical parameters involved in this study of stagnation point flow due to shrinking of the permeable sheet. In the entire analysis the related parameters are assigned arbitrary values and we have chosen M = 0.2, K = 1, S = 0.01, ε = −3, λ = 0.15, γ = 0.2, Pr = 3 as arbitrary values throughout. Table 2 -Bifurcation points of f (0) and −θ (0) and dual solution range for M, K, S with γ = λ = 0 Tables 2 and 3 have been framed to sort out the dual solution range, and bifurcation points where first and second solutions meet. Since the significance of this analysis lies in understanding the influence of nonlinear convection parameter on the flow and heat transfer characteristics, so a comparative analysis has been presented to predict its effect on skin friction f (0) and Nusselt Table 3 -Bifurcation points of f (0) and −θ (0) and dual solution range for M, K, S with γ = λ = 0 number −θ (0). The comparative analysis consist of two cases where in first case free convection (i.e. λ = γ = 0) has been reckoned and in the second case nonlinear convection has been considered (i.e. λ = 0, γ = 0). Here, we are pointing towards a study made by Miklavčič and Wang [3] in which the results reveal that multiple solutions exist for flows over shrinking surfaces and solution exist only for small shrinking rates. We have also observed dual solutions in our analysis as Table 2 and 3 indicate. The bifurcation points and dual solution range detected in Tables 2 and 3 evidently shows that dual solution range is elevated with the enhancement of magnetic field and porous medium permeability for the case when velocity field is independent from temperature field, whereas if we consider nonlinear convection waves in the flow field, the dual solution range is curtailed as Table 3 is indicating. Wang [4] claimed that dual solution exist for −1.2465 ≤ ε ≤ −1. Here interesting result which we observe from Table 2 is the significant increase in the dual solution range if effects of suction are included.
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Moreover, all-inclusive nature of bifurcation points and dual solutions and comparative details can be perceived through Figs. 1 to 6. From these Figures we see that first solution profiles of skin friction f (0) and Nusselt number −θ (0) are enhanced with M, K and S for both cases (a) and (b), but for second solutions f (0) and −θ (0) are reduced. The interesting engineering results are obtained when we take λ = 0 and γ = 0. Case (b) of the mentioned Figs. demonstrates that f (0) and −θ (0) can be computed even for larger shrinking rates and the unique solution range is found to be significantly increased.
The effect of the strength of magnetic field (M) on the first and second solution profiles of velocity f (η) and temperature θ (η) distributions have been presented through Figs. 7a, 7b and 8a, 8b respectively. It is inferred from Figs. 7a and 7b that first solution profiles of f (η) are increased and second solution are decreased with the increasing M; and the boundary layer thickness decays for first solution whereas it enhances for second solution. An interception point A 1 (1.69, −31.19) has been noted for first branch, however the length of interception points is found to be enhancing with M for second branch. Another interesting feature observed from Fig. 7b is that large velocity gradients exist at the far field boundary conditions. These gradients prevail due to the presence of nonlinear convection parameter. The magnetic field has opposite effect on the temperature profiles, that is, profiles of first solution branch are reduced and second solution branch are increased with M. Here, an interception point A 2 (1.65, −30.76) has been Figs. 9a, 9b and 10a, 10b have been plotted to demonstrate the influence of porous medium permeability (K) on first and second solution branch profiles of f (η) and temperature θ (η) respectively. The velocity for first increases with K whereas f (η) profiles are decreased for second solution. Two interception points A 3 (1.24, −0.5202) and A 4 (2.77, 2.406) have been observed for first and second solution branch of f (η) respectively when K ≤ 1. However, opposite trends have been illustrated by Figs. 10a and 10b for temperature profiles with K. For the second solution branch of θ (η), a cross flow point A 5 (1.69, −31.19) has been noticed; and further large temperature gradients existing at far field boundary condition are reduced with the increasing K. The value K = 5 for porous medium permeability tends to stabilize the velocity and temperature fields.
Figs. 11a, 11b and 12a, 12b illustrate the effect of velocity ratio parameter (ε) on the distribution of velocity f (η) and temperature θ (η) respectively. It is indicated by Figs. 11a and 11b that both the solution branches of f (η) are increased with c/a and an interception point A 6 (1.1, −3.057) (for c/a ≥ −2) has been detected for the second solution branch of f (η). Also for second solution, the velocity gradients at far field boundary conditions are again found to be decreasing with c/a. The temperature profiles for first solution in Figure 12a are reduced with ε and, are enhanced in Fig. 12b for second solution. The flow patterns are found to be reversed after crossing the interception point A 7 (2.34, −18.12) for c/a ≥ −3. Here, the profiles of f (η) and θ (η) for second solution also preserve large gradients at far field boundary condition and both are found to be enhancing with the increase of c/a. Now, we proceed to discuss the variations of solution profiles of velocity f (η) and temperature θ (η) with respect to nonlinear convection parameter (γ) through the Figs15a, 15b and 16a, 16b respectively. First solution branch of f (η) increases with γ whereas second solution of f (η) decreases with it. Moreover, critical points for both the solution branches of f (η) have been observed; and after crossing these points of interest, the behavior is found to be reversed. However, opposite trends have been indicated by the first and second solution branch profiles of θ (η). It is remarkable to mention here that no cross flow points exist for these profiles of θ (η).
The Prandtl number which gives the relative importance of convective heat transfer to conduction heat transfer reveals its impact on the velocity f (η) and temperature θ (η) profiles respectively through the Figs. 17a, 17b and18a, 18b . It is noticed that first solution branch of velocity profiles are increased and the corresponding boundary layer thickness becomes thinner with the increasing Pr, however Pr has opposite effect on the second branch solutions, that is, it decreases in the vicinity of the sheet. Multiple interception points have also been detected for second solution branch profiles of f (η). The large values of Prandtl number enhances the velocity profiles as Prandtl number is the ratio of momentum diffusion to thermal diffusion. The first and second branch profiles for θ (η) communicate the same trends as that for f (η) but cross flow points have been observed for Pr ≥ 5 and trends are reversed after crossing these interception points. 
Conclusions
In this investigation, the primary objective was to examine the effect of nonlinear convection (γ) on the hydromagnetic stagnation point boundary layer flow and heat transfer due to a vertical and permeable shrinking sheet embedded in porous medium. The numerical dual solutions of the govering self similar equations were obtained by applying implicit finite difference scheme also known as Keller box method. The influence of nonlinear convection parameter and other pertinent parameters on the flow and heat transfer characteristics can be summarized as: The inclusion of γ and interaction among M, K and S enhance the solution range significantly, and dual solutions so obtained are found to exist even for larger shrinking rates. Dual solution range is reduced with the increasing M and K and unique solution range is enhanced significantly if effect of γ is considered. Tremendous increase in both the unique and dual solution range has been observed with the increase in S. Nonlinear convection parameter generates steep velocity and temperature gradients at the far field boundary condition, and temperature gradients are reduced with the increasing M and K, whereas velocity gradients reveal opposite trends with respect to M and K. Both velocity and temperature gradients at far field boundary condition for the profiles of second solution are enhanced with the increasing ε. Length of interception points enhances in the second solution profiles of f (η) with the increasing M and K, whereas unique interception point has been detected for profiles of θ (η).
